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Three-Dimensional S’21R Distributions
Computed in a Multilayered Cylindrical

Model for Electromagnetic Hyperthermia

STEVEN C. HILL, MEMBER, IEEE, AND DIPAKBIN Q. CHOWDHURY

Abstract —A model consisting of multilayered, concentric, circular cylin-

ders is used to numerically investigate specific absorption rate (LX-tR )

distributions for electromagnetic hyperthermia. The fields in the cylinders

are expanded in eigenfunctions, and axial confinement is achieved via

Fourier transformation. Only axisymmetric SJI R distributions are consid-

ered. TM ~ modes have ,S.4R dktributions appearing most nsefnl for

hyperthermia of deep-seated tumors. As the SA R is more confined axially

1) the radial components of the TMO mode fields increase, and 2) the

attenuation in the radial direction increases. Differences in S,4 R distribu-

tions are more apparent near the surface of a model than they are near the

core. The effects of axial confinement on the optimal frequency of

operation are discussed.

I. INTRODUCTION

T EMPERATURE distributions generated using nonin-

vasive electromagnetic (EM) applicators are often sig-

nificantly worse than those thought best for hyperthermia

therapy. Deep-seated tumors are particularly difficult to

heat adequately [1]–[3], even with annular array applica-

tors [4]–[6], which appear to be the most useful noninva-

sive devices for such tumors [7]–[10].

Both theoretical and experimental studies suggest that

improved phasing of applicator arrays may in some cases

provide improved specific absorption rate (MIR) [11] -[14]

or temperature [9], [15], [16] distributions. Most of the

mathematical models for such studies have been two-

dimensional [11]–[14] and most of the optimization has

been reported in 2-D models.

A small number of studies of 3-D SAR distributions

have also been reported. Guy et al. [17] computed the

fields generated by aperture applicators in multilayered

circular concentric cylindrical (MCC) models. Only the

fields in the z = O plane were reported, where z is the axial

direction. Rappaport and Morganthaler [18], [19] opti-

mized the computed SAR distributions in homogeneous
cylindrical and spherical models. Cottis et al. [20] showed

they could numerically improve the SAR distributions

generated by concentric coil type applicators in MCC

models. Hagman and Levin [21] computed the fields in a
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model of a man and found that the curvature and the

finite length of the body are important for annular array

type applicators. Paulsen et al. [10] computed the SAR

distributions produced in homogeneous 3-D man models

by annular array, capacitive plate, and concentric coil

applicators. It is clear from these computations, from the

measurements of Turner [5] and Samulski et al. [22], and

from the arguments of Hagmann [21] that the 3-D nature

of the body and the inhomogeneities of the body are

important in determining the temperature distributions.

However, it is at present difficult and costly to compute

SAR distributions in models having arbitrary inhomo-

geneities in 3-D [24]. It is useful to first learn as much as

possible using simpler models. A general solution for the

fields generated in MCC models by aperture sources has

been formulated by Wait [25].

We would like to determine the best achievable 3-D

SAR distributions in a MCC model. In this paper we

consider the SAR distributions of the modes, study the

effects of axial confinement and type of axial confinement

on the SAR distributions, and discuss the effect of axial

confinement on the optimal operating frequency.

Significant features of the approach taken in this paper

are as follows:

1)

2)

3)

Only the fields internal to the body model are consid-

ered. The problem of applicator design can be con-

sidered later if improved SAR distributions are ob-

tained. We chose this approach partly because it

simplifies the analysis and because we do not want

our determination of the optimum SAR distributions

to be subject to the limitations of existing applica-

tors.
MCC models are chosen because: a) 3-D SAR distri-

butions can be computed with confidence in these

models, b) these models can approximate some im-

portant inhomogeneities of the body, c) it is possible

to think in terms of standard mode structures in

these models, and d) the relative simplicity of the

models allows us to focus on the optimization prob-

lem.

It is assumed that a desired SAR distribution in the

model has already been specified to be axisymmetric
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4)

and at the center of the cylinder. We generally try to

increase the SAR at the center while limiting the

maximum SAR in other regions.

Since the MCC model is useful for studying the

effects of confining the field in the axial direction

these effects are emphasized here. Problems with 2-D

analysis of annular array type applicators have been

stated clearly by Hagmann [23]. Here the primary

effects of axial confinement using TM modes, i.e.,

more rapid attenuation of the fields, and altered

directions of the fields (radial fields when fields are

primarily intended to be axial), are quantified for

sample MCC models.

II. METHODS

A. Computation of Fields in Multilayered

Concentric Cylinders

Our method of solution is similar to Guy’s [17] (see also

the references cited in [25]). Our analysis differs from

Wait’s [27] in that we do not specify material outside the

finite cylinder, our cylinder is layered, and we do not solve

for the fields generated by aperture sources.

1193

tivity in layer 1. An eJmt time variation is assumed. In the

central region (1 =1) the coefficients of the YH( kPp ) must

be zero to avoid infinite fields at the origin.

The TM fields are obtained from the potentials using

The TE fields are obtained similarly [28].

The tangential components of the electric and magnetic

fields (Ez, Hz, E+, H+) are matched at the boundary be-

tween the 1 and 1+ 1 layers to obtain

[~11[~,1= [M+ll[al+l] (5)

where the matrix for the 1th layer is

l@. (kp, PI) - ~k;,%(kp,d— o 0
([w E[u

) 2Y(kp,P/)Jkp, njk~,J.(kp,Pl _ __
o 0 —

[M,] =
P OQ

jk.nJ.(kp,p[) jk,ny.(k,,p~)

p Ob)

kp,J[’(kp,PJ kp,y/’ ( kfl,PJ
Clupl C[up[

– kp,J1’(k,,%) –%,v(kp,d
jk,nJn(kp,p,) jk,ny.(kp,p,)—

lJo~P[ Po~PlL

In our concentric cylindrical model the radius of the lth

layer is p,. The cylinder has a length L. The solution is

only valid inside the cylinder between + L/2. Only the

internal problem is solved. The problem external to the

cylinder is not specified. Our notation and approach fol-

low Barrington [28]. In each layer the TM potentials

expressed as

IJm = [ATJ. (kP,p) + ~~Yn(kP,p)] eJn+eJk=2

and the TE potentials are

W= [A~J.(kP,p) + BYY.(kP,p)] ej””e’kzz

are

(1)

(2)

where Jn( kpp ) and Yfl( kPp ) are cylindrical Bessel and

Neumann functions of order n; AT, By, A~, and By are

expansion coefficients for the TE and the TM field in layer

t and k= and k, are the wave propagation constants in the

z and p directions, which are related to the medium

propagation constants by

k;= U2plC[ = k;, + k: (3)

where ~, is the permeability and (, is the complex permit-

and the potential vector for the lth layer is

(6)

(7)

When matching fields at the interface between layers 1 and

1+1, the radius of the lth layer, pl, is used in both [iU{]

and [Ml+J.

Once the propagation constant k= and the magnitude

and phase of the potential in any layer are specified the

matrices are used to find the potentials in any other layer.

The approach is similar to that of Massoudi et al. [29] for

2-D fields. It can be seen in (5) and (6) that the TE and

TM fields are coupled except in two special cases: 1)

n = O, i.e., the fields have no @ dependence; and 2) k,= O,

i.e., the fields have no z dependence and the problem is

2-D.

The SAR is defined as o [E 12/(2d ), where d is the

density (g cm-3, of the medium. Since the SAR is propor-
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tional to EE*, axisymmetric distributions can be obtained

using any order number, n (since eJn+e–Jn+ = 1),but can-

not be obtained using combinations of modes having dif-

fering n. A combination of orders is required to obtain a

+-dependent SAR. ln the results shown in this paper only

one order n is used in any one figure. Hence, the SAR

distributions are axisymmetric and only radial and axial

SAR variations need be shown.

The Bessel and Neumann functions were computed us-

ing the method and computer code described by Mason

[30]. To avoid the effects of round-off errors that occurred

in computing the matrices and fields for large k: the

boundary conditions for the tangential E and normal

displacement vector were checked at each layer for each

k:. The round-off errors are in part a consequence of the

JH(kPp ) and Y.( kPp ) being very nearly complex conjugates

of each other when kPp is large and complex. The fields

were not included whenever the boundary conditions were

not matched to within 0.005 percent. Since the fields

having large k= have very poor radial SA R distributions

their contributions to a desirable SAR distribution should

be very small if not negligible. For torso model 1 described

in subsection H--C, the maximum value of k: used was

near 63 m – 1 at 70 MHz.

B. Confinement of Fields in the Axial Direction

The SAR distributions of the individual modes de-

scribed in subsection II-A are independent of z since
e 11’.’ e–lk,z = 1. SAR distributions having a z dependence

are obtained by combining modes as

!(z) = (m+(~,)e~k=’dk.. (8)
9’—m

We assume the k: are real so that the fields will be valid

for an infinite cylinder or for a finite length cylinder with

no sources at the ends. The Fourier integral above is

approximated as a discrete sum. Consequently, the result-

ing SAR distributions are periodic in z. However, we are

concerned only with the fields and SAR inside the cylin-

der of length L and ignore the external fields. Since we try

to minimize the SAR near the ends of the cylinder, the

currents leaving the ends of the cylinder are also kept

relatively small.

The ~ (k=) are obtained by Fourier transformation of a

desired distribution ~w’( z ) in the core. In the case of TM

fields we first specify a desired E=(z) and then use (4) to

obtain the desired IJ ( z ). For a Gaussian distribution the

product of the I/e point in z and the I/e point in kZ is 2.

Hence to confine a Gaussian E field distribution to within

a l/e half-width of 0.2 m requires a kZ distribution with a

I/e point of 10 m-1. Fig. 1 shows the real and imaginary

parts of k, as a function of k, as computed using (3). The

rate of attenuation in the radial direction increases rapidly

as the phase angle of kP increases. Since axial confinement

requires increased k,, which in turn requires an increased

imaginary part of kP, a 2-D analysis (which requires k= = O)

gives the best-case SAR distributions. Since the higher k,

have E fields that increase more rapidly in moving from

-— Real kP

- ---- Imaginary kP
/
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,
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Fig 1. Effect of increasing k: on the real and imaginary parts of Lo in

muscle tissue (data in Table I) at 70 MHz.

the core to the surface. it is desirable to use the smallest kZ

that are required for axial confinement. A Gaussian distri-

bution has a minimum space–frequency bandwidth prod-

uct, and will be emphasized here.

C. Models

The permittivities and radii of the models are shown in

Table 1, The permittivity data are from [31] and [32]. Both

models are approximations of a torso.

III. RESULTS AND DISCUSSION

A. SAR Distributions for Modes That Are TE or TM in the

Core

The radial distributions of SAR for torso model 1 with

k,= 10 m-1 are shown in Fig. 2 for the two lowest-order

TE and TM modes. In all figures the relative SAR is

shown. It can be seen that with k= =10 m – 1 the best mode

for depositing energy into the core of the layered cylinders

is the TMO mode. The TEI mode is also nonzero at the

core but has a large SAR in the fat layer. The dominant

component of the TMO E fields in the core (the E=) are

directly proportional to JO(k,p ), which is nonzero at the

origin. The TEI fields are proportional to Jl( kPp )/p, which

is also nonzero at the origin. The other Bessel functions are

zero at the origin.

The electric fields of the TMO modes are primarily

axially directed except in some fat or skin regions near the

surface, and are the fields that could be preferentially

excited by the annular array applicators [4] when all ele-
ments are excited with equal magnitude and phase. When

the fields are not axisymmetric, higher order TM modes

are required. The SAR distribution of the TEI mode

would look better if the permittivities of the outer layers

were larger. The electric fields of the TEI modes would be

excited by a circular capacitive type applicator where the

charge distribution on the capacitor varied as COS(cot– +).

The usual capacitive type applicators would excite a vari-

ety of modes having differing n. In MCC models the TEI

and higher order modes have the problem of large normal

displacement, which can lead to overheating of low-per-

mittivit y regions [33]. The electric fields of the TEO modes
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TABLE I
DESCRIPTION AND CONSTANTS FOR THE TORSO MODELS USED (M= MUSCLE AND F - FAT)

model constitution radial relative conductivity y

~~ 3

density

name width (cm) permittivity e m S.m–l gm.cm-3

1. Model 1 Muscle o-4 83.0 0.80 1.02

*M+*F ,4-9 47.3 0.425 0.096
M ,9-11 83.0 0.80 1.02
F 11-12 11.5 0.05 0.9

*M+g F 12-13 35.3 0.300 0.94

Water 13-15 78.0 0.0 1.0

2. ModeI 2 M 0-13 83.0 0.80 1.02
F 13-15 11.5 0.05 0.90

RADIAL DISTANCE (m)

Fig. 2. Radial distribution of the relative SA R for k, =10 m-1 in torso

model 1 at 70 MHz for differing TE and TM modes at z = O.

are @ directed, have a node at the origin as does J1(kP~),

and are the primary modes excited by concentric coil type

applicators.

Since the TMO modes appear to have the best SAR

distributions for hyperthermia of centrally located tumors,

these modes will be emphasized here.

B. Effect of Axial Confinement on E Field and SAR

Distributions

In a 2-D analysis the TMO electric fields are all axially

directed and are continuous at the interfaces. The E fields

are relatively constant, and the SAR distribution is primar-

ily determined by the conductivity [7], [11].

To achieve axial confinement, modes having larger kZ

and less desirable SAR distributions are required. In Fig. 3

the radial distributions of SAR for TMO fields are plotted

for various values of k=. It can be seen that as k= increases

the modes become less useful for hyperthermia of deep-

seated tumors. Note that if the half-width of the E field

distribution is to be 20 cm, then significant amplitudes of

the Fourier coefficients of k, =10 to 30 m-l are required.

As k, increases the SAR becomes less useful for two

reasons. First, the increased k= causes an increase in the

phase angle of kP. Consequently, the magnitude of Jo(kPp)

is a much more rapidly increasing function of p. Second,

the radial electric fields increase rapidly as k= increases,

12 —

E_i

kz= 0.0 m-l

-------- k,= 20.0 ,m-l
---- kz= 40.0 m-l ;. .-. .

1

,d:; ,,,/!:
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\ ,,’ ,/
!/ ,

/

/’
E ;
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.,
-----

,---:
-. .--,

-----.-- . ------ -. . .. ---- .-. --. -------”’----
--.--~-

:.00 0.04 0.08 0.12

RADIAL DISTANCE (m)

Fig. 3, Radial distribution of the relative SA R in torso model 1 at 70

MHz for differing kZ’s. SAR calculated for the TMO mode at z = O.

even for the axisymmetric TMO case. Radial fields are to

be avoided near interfaces because the continuity of the

normal displacement vector results in the overheating of

low-permittivity (e.g. fat) tissues that share an interface

with a high-permittivity (e.g. muscle) region [33]. That the

radial fields increase with kZ can be seen in (4),, and in the

matrices (equation (6)) where the coupling between TE

and TM modes is seen to be proportional to k,.

The effects of axial confinement in two different torso

models are ,considered next. Plots of SAR distributions are

shown in Fig. 4 for TMO fields having three different

distributions of EZ in the water just outside the skin layer.

In Fig. 4(a) the half-width of the Gaussian, i.e., where E:

drops to I/e of its value at the center, is 21 cm. This value

was chosen to give values comparable to measured SAR

distributions for one type of annular array applicator [s].

The fields in Fig. 4(b) are more confined axially, but the

maximum SAR’s in the fat layer are larger. SAR’s for an

E= variation of COS(7rz/50) for all z having absolute values

less than 25 cm and zero elsewhere were also computed

but are not shown here. The distributions were similar to

those of Fig. 4(b) except that the peak intensity in the fat

was shifted from 13 cm to 19 cm. In Fig. 4(c) the E= just

outside the skin layer is uniform for all Iz I <21 cm, and is

zero otherwise. Such a uniform E= variation has been

assumed in two analyses of annular array applicators using

3-D models [10], [21].
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(a)

1Qb

-
(b)

(c)

Fig. 4. Relative ,S,4R in the p– z plane of torso model 1 at 70 MHz.
The Gaussian half-width for E: is 21 cm in (a) and 14 cm in (b). In (c)

E= at the surface is uniform for all z within 21 cm of the center.

-....:
:----- :
i----- I

80: —
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<

........ ... .. ..------------- : ~-----------

0 40:
I

r
— no confinement
------- half-width = 14 cm
---- holf–width = 21 cm U.->-

800
—,, ,,,,,, ,,, ,,, ,,,,, r,, ,,, ,,, r~

0.04 0.08 0.12

RADIAL DISTANCE (m)

Fig. 5. Radial dependence of the the relative SA R ln torso model 1 at
70 MHz with z = O. The GaussIan half-widths for E, are O (no a.wal
confinement), 14 cm, and 21 cm.

In Fig. 4(a), (b), and (c) the differences near the surface

are much more apparent than are the differences nearer

the core. The E fields are essentially low-pass filtered in

going from the surface to the core since the fields having

higher k, are more rapidly attenuated. When the E= has a

Gaussian distribution (Fig. 4(a)) the maximum SAR in the

fat is several times smaller than when E= is uniform (Fig.

4(c)). The relatively large SAR’s in the fat layer 10 to

30 cm from the center are attributable to the radial E

fields which are antisymmetric about z = O. As can be seen

in (4), when E= is symmetric, EP is antisymmetric. The

SAR is nonzero at z = O because E=, although smaller. is

nonzero. Relative to muscle, the fat has a lower product of

specific heat and density and it has a lower thermal

conductivity y [34]. Hence, the increased SAR in the fat may

cause a significant increase in temperature. Burns in sub-

cutaneous fatty tissues are occasionally observed in treat-

ments with annular arrays [22]. Thermal modeling would

help determine how significant the temperature rises are.

In the rest of this paper only Gaussian distributions are

assumed for E=.

The effects of axial confinement on the radial SAR

distribution are shown more clearly in Fig. 5, where the

SAR versus radius is plotted at z = O for Gaussian half-

widths of infinity (no axial confinement), 21 cm, and 14

cm. Again, the more confined fields have poorer radial

SAR distributions. Since the maximum SAR in fat occurs

at a nonzero z, the SAR at the fat layer appears better

than it is. An annular array applicator in which the axial

distribution of the field could be controlled might have

advantages for hyperthermia.

The effects of axial confinement on the radial E fields

are shown in Fig. 6. The lengths of the arrows are propor-

tional to the amplitudes of the fields. The half-width of the

Gaussian in E= at the surface is 21 cm. In comparing with

other figures (not shown) we have found that as the fields

are more confined the field lines exit the muscle over a

shorter distance, and the magnitudes of the radial E

vectors in the fat increase.

The effects of axial confinement on the electric field and

SAR distributions are next shown for torso model 2, which
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Fig, 6. Vector E field plots fortorso model lat70MHz. The Gaussian
half-width for E, attheouter surface is21cm. Only thereal part of E,

i.e., Eat t= O, is plotted,

consists of homogeneous muscle surrounded byahomoge-

neous layer of fat. This modelis chosen because tempera-

tures measured during simulated treatment of the model

with an annular array have been reported [22]. The model

is shown in Fig. 7(a), where the positions xl and Xz are

indicated. The parameters are given in Table I. Since

Samulski et al. [22] measured the rise in temperature, we

computed the temperature rise, assuming no tliermaldiffu-

sion, by dividing the SAR by the specific heat. The z

dependence of our computed temperature rise at P=xl

and p = Xz is shown in Fig. 7(b) and (c). The curves in Fig.

7(b) are generally consistent with the experimental results;

Samulski et al. [22] measured relatively large increases in

the temperature of the fat layer away from the z = O plane.

The SAR corresponding to the antisymmetric ~P has peaks

at z = +16 cm in Fig.7(b) and at z = f 12 cm m Fig. 7(c).

With less axial confinement the EP and double peaks in

the fat decrease.

C. Frequency Effects

Torso model 2 was also used to study the effects of

frequency on the computed temperature rise in the fat,

assuming no thermal diffusion. The computed temperature

rise in muscle and fat near the muscle–fat interface is

plotted versus frequency in Fig. 8(a) and (b). The radial

positions for the temperature plots are taken at the points

of maximum temperature in the fat and muscle near the

interface. The temperature rise in each figure is normalized

to a 4° rise in the center of the model. In Fig. 8(b) the

maximum temperature in the muscle occurs at z = O and

the maximum temperature in the fat occurs between 14.5

and 17.5 cm from the center.

Note that when there is no axial confinement (Fig. 8(a))

the lower frequencies have lower computed maximum tem-

peratures in the muscle and fat near the muscle–fat inter-

face. In this 2-D analysis the lower frequencies appear to

be more useful for hyperthermia of centrally located tu-

mors. When the fields are confined as in Fig. 8(b), the

computed increases in the temperatures in the fat are large

at the lower frequencies.

II
‘k—-’ I I1 3.2 cm ; ;1
& 11

13 cm ~I

,-
1 14 cm

15 cm

(a)

15
1

—- Muscle
----- Fat

AXIAL DISTANCE Z (m)

(b)

1----Muscle
20

L

---- Fat ,,., ,-.
\ / ~,

/’ j, )’ 1,
/’ /’ \

\

,:o~/Q30

~ 0.10
AXIAL DISTANCE Z (m)

(c)

Computed temperature rise versus z in torso model 2 for the
mode at 70 MHz. (a) Model showing the points p = xl and

p = .x2. The temperature in muscle M at p = xl and in fat is at p = X2.
The Gaussian half-width for E, is 21 cm in (b) and 14 cm in (c). The

soecific heat of muscle and fat used are 0.86 cal. g- 1. “C -1 and 0.24
c~l. g -1. ‘C – 1 respectively.

IV. SUMMARY

Aspects of tlhe problem of finding the best SAR distri-

butions in multilayered circular concentric cylindrical

models of the human body are considered. We chose MCC

models because they are inhomc~geneous models in which

3-D SAR distributions can be cc~mputed accurately.
The primary findings for MCC models of the torso are

as follows.
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QMQC Muscle
~: 0_o_09Q FCIt

!4 /

z
w
+

-- 0

~____----– __e__.+_-Q ------

ollr,18r t18, (,l18F$31,m8818r,,roll, mm,l, !,,, n,l, \,,\,
45 55 105

?/EQ,U&?CY (tl?Hz) 95

(a)

i
QQQQC Muscle
0_O_OQ9 Fat

7
04~05

FREQUE~CY (fHZ)

(b)

Fig. 8. Maximum temperature in the muscle and fat layers in torso

model 2 as a function of frequency. (a) No axMJ confinement (k, =

Ore-l) (b) Gaussian half-widthin E, is21 cm.

1) The TMO mode appears best forthehyperthermia

of centrally located tumors. The TEI modes also

deposit energy into the center of the model but do

not have SAR distributions as useful as the TM ~

modes.

Items 2)–5) refer to TMO modes.

2)

3)

4)

As the SAR distribution is confined axially, it also

increases more rapidly with the radial distance

from the center. This is because axial confinement

requires larger k:, which results in kP being larger

and having a larger phase angle. Hence the Bessel

functions are more rapidly increasing functions of

radial distance.

As the SAR distribution is axially confined the
radial E fields increase, particularly in low-permit-

tivity (e.g., fat) regions near the surface. These

radial electric fields are antisymmetric. The result-

ing SAR distributions in the fat have maxima that

are typically 15 to 25 cm above and below the

z = O plane. The magnitudes of the maxima in the

fat increase with axial confinement.

Differences between SAR distributions are more

apparent near the surface than near the core. This

is because the fields having larger k, are more

rapidly attenuated. The fields are essentially low-

pass filtered as they move toward the core.

5) The maxima in the fat layer decrease with increas-

ing frequency, in the range of 40 to 100 MHz,

when the fields are confined with an E: having a

Gaussian half-width of 21 cm.

The computer codes developed here may be useful in

assessing the accuracy of codes developed for field compu-

tations in arbitrary geometries. The codes are available to

anyone who requests them.
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